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Quantum mechanics is a nonlocal theory, but not as nonlocal as the no-signalling principle allows. 
However, there exist quantum correlation that exhibit maximal nonlocality: they are as nonlocal as 
any nonsignalling correlations and thus have a local content, quantified by the fraction pl of events 
admitting a local description, equal to zero. We exploit the known link between the Kochen-Specker 
and Bell theorems to derive a maximal violation of a Bell inequality from every Kochen-Specker 
proof. We then show that these Bell inequalities lead to experimental bounds on the local content 
of quantum correlations that are significantly better than those based on other constructions. We 
perform the experimental demonstration of a Bell test originating from the Peres-Mermin Kochen- 
Specker proof, providing an upper bound on the local content pl < 0.22. 



PACS numbers: 03.65.Ud,03.67.Mn,42.50.Xa 

I. INTRODUCTION 

Since the seminal work by Bell [1] , we know that there 
exist quantum correlations that cannot be thought of 
classically. This impossibility is known as nonlocality 
and follows from the fact that the correlations obtained 
when performing local measurements on entangled quan- 
tum states may violate a Bell inequality, which sets con- 
ditions satisfied by all classically correlated systems. 

The standard nonlocality scenario consists of two dis- 
tant systems on which two observers, Alice and Bob, 
perform respectively m a and ra& different measurements 
of d a and possible outcomes. The outcomes of Al- 
ice and Bob are respectively labeled a and 6, while their 
measurement choices are x and y, with a = l,...,d a , 
b = x = l,...,m a , and y = 1, ...,7715. The 

correlations between the two systems are encapsulated in 
the joint conditional probability distribution P(a, b\x, y). 

This probability distribution should satisfy the no- 
signalling principle, which states that no faster-than- 
light communication is possible. When the measure- 
ments by the two observers define spacelike separated 
events, this implies that the marginal distributions for 
Alice (Bob) should not depend on Bob's (Alice's) mea- 
surement choice, i.e. ^ b P(a, b\x, y) = P(a\x), V and 
similarly for Bob. These linear constraints define the 
set of nonsignalling correlations. Quantum correlations 
in turn are those that can be written as P(a,b\x,y) = 
tr {pAB^a ® ^b)? where pab is a bipartite quantum 
state and M% and define local measurements by 
the observers. Finally, classical correlations are de- 
fined as those that can be written as P(a,b\x,y) = 
^2 x p(\)Pa(cl\x, \)PB(b\y, A). These correlations are also 



called local, as outcome a (b) is locally generated from 
input x (y) and the pre established classical correlations 
A. 

The violation of Bell inequalities by entangled states 
implies that the set of quantum correlations is strictly 
larger than the classical one. A similar gap appears when 
considering quantum versus general nonsignalling corre- 
lations: there exist correlations that, despite being com- 
patible with the no-signalling principle, cannot be ob- 
tained by performing local measurements on any quan- 
tum system [2]. In particular, there exist nonsignalling 
correlations that exhibit stronger nonlocality, in the sense 
of giving larger Bell violations, than any quantum corre- 
lations [see Fig. 1 (a)]. 

Interestingly, there are situations in which this sec- 
ond gap disappears: quantum correlations are then max- 
imally nonlocal, as they are able to attain the maximal 
Bell violation compatible with the no-signalling princi- 
ple. Geometrically, in these extremal situations quantum 
correlations reach the border of the set of nonsignalling 
correlations [see Fig. 1 (b)]. From a quantitative point 
of view, it is possible to detect this effect by computing 
the local fraction [3j of the correlations. This quantity 
measures the fraction of events that can be described by 
a local model. Given P(a,b\x,y), consider all possible 
decompositions, 

P(a, b\x, y) = q L PL(a, b\x, y) + (1 - Ql)Pnl{&i b\x, y), 

in terms of arbitrary local and nonsignalling distribu- 
tions, PL(a,b\x,y) and PNL(a,b\x,y), with respective 
weights qL and 1 — g^, where < g L < 1. The local 
fraction of P(a,b\x,y) is defined as the maximum local 
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FIG. 1: Nonsignalling, quantum, and classical corre- 
lations. The set of nonsignalling correlations defines a poly- 
tope. The set of quantum correlations is contained in the set 
of nonsignalling correlations. The set of classical correlations 
is also a polytope and is contained inside the quantum set. 

(a) In general, the set of quantum correlations is not tangent 
to the set of nonsignalling correlations. This means that the 
maximal value (3q of a Bell inequality achievable by quantum 
correlations is above the local bound /3l but strictly smaller 
than the maximal value /3ns for nonsignalling correlations. 

(b) In the present Bell tests, in contrast, quantum correla- 
tions are tangent to the set of nonsignalling correlations and 
thus attain the nonsignalling value of a Bell inequality. The 
corresponding upper bound on the local fraction is zero, which 
discloses the full nonlocal nature of quantum mechanics. 



weight over all possible decompositions as ([!]): 



PL = max q L . 

{Pl,Pnl} 



(2) 



It can be understood as a measure of the nonlocality of 
the correlations. Maximally nonlocal correlations feature 
p L = [see Fig. 1 (b)]. 

Any Bell violation provides an upper bound on the lo- 
cal fraction of the correlations that cause it. In fact, a 
Bell inequality is defined as ^ J T ay i )yXy yP(a^b\x,y) < 
where T a ^ :XiV is a tensor of real coefficients. The maximal 
value of the left-hand side of this inequality over classical 
correlations defines the local bound whereas its max- 
imum over quantum and nonsignalling correlations gives 
the maximal quantum and nonsignalling values /3q and 
Pnl, respectively. From this and it follows immedi- 
ately that [4] 



PL < 



NL 



Pnl — Pl 



PL r 



(3) 



Thus, quantum correlations feature pl = if (and, in 
fact, only if) they violate a Bell inequality as much as 
any nonsignalling correlations. 

In this work we study the link between the Kochen- 
Specker (KS) [5] and Bell's theorems, previously consid- 
ered in Refs. [6HTU]. We recast this link in the form of 
Bell inequalities maximally violated by quantum states. 
We then show that the resulting Bell inequalities can be 
used to get experimental bounds on the nonlocal con- 
tent of quantum correlations that are significantly better 
than Bell tests based on more standard Bell inequali- 
ties or multipartite Greenberger-Horne-Zeilinger (GHZ) 
paradoxes [IT]. This allows us to perform an experimen- 
tal demonstration, which yields an experimental upper 
bound on the local part PL m ax — 0-218 ± 0.014. To our 



knowledge, this represents the lowest value ever reported, 
even taking into account multipartite Bell tests. 



II. GENERAL FORMALISM 

In this section, we present the details of the construc- 
tion to derive different Bell inequalities maximally vi- 
olated by quantum mechanics from every proof of the 
KS theorem. This construction was first introduced 
in [6] and was later applied in the context of "all-versus- 
nothing" nonlocality tests [7], pseudo-telepathy games 
(see [8] and references therein), the free-will theorem [9], 
and quantum key distribution [10]. Here we exploit it to 
generate quantum correlations with no local part. 

Recall that the KS theorem studies whether determin- 
istic outcomes can be assigned to von Neumann quan- 
tum measurements, in contrast to the quantum formal- 
ism which can only assign probabilities. A von Neumann 
measurement z is defined by a set of d orthogonal projec- 
tors acting on a Hilbert space of dimension d. Consider 
m such measurements, given by m x d rank-1 projec- 
tors nf, with z = 1, . . . , m and i = 1, . . . , d, such that 
nf nf, = Sijt and J2i nf = 1 for all z, with 1 being 
the identity operator. The theorem studies maps from 
these measurements to deterministic d-outcome proba- 
bility distributions. In addition, an extra-requirement is 
imposed on the maps: the assignment has to be noncon- 
textual. That is, if a particular outcome, correspond- 
ing to a projector nf, is assigned to a given measure- 
ment, the same outcome must be assigned to all the 
measurements in which this projector appears. Formally, 
this means that the assignment map, denoted by va, 
acts actually on projectors rather than on measurements: 

M n ?) G {°> !}> such that E*M n ?) = 1 for a11 The 

KS theorem shows that noncontextual deterministic as- 
signments do not exist. 

Although this impossibility follows as a corollary of 
Gleason's theorem [12], one virtue of the proofs of the 
KS theorem [5j [T3UT5] is that they involve a finite num- 
ber of measurements. More precisely, each KS proof con- 
sists of a set of m measurements (contexts) as above but 
chosen so as to share altogether p projectors n^, with 
j = 1, . . . ,p, that make noncontextual deterministic as- 
signments incompatible with the measurements' struc- 
ture. Denote by Dj the set of two-tuples Dj = {(i,z)} 
such that (i,z) G Dj if nf = II j. Each set of two-tuples 
Dj collects the indexes of all common projectors among 
all different measurements. 

Let us now see how this highly nontrivial configuration 
of measurements can be used to derive maximally non- 
local quantum correlations. Consider the standard Bell 
scenario depicted in Fig. [2] (b). Two distant observers 
(Alice and Bob) perform uncharacterized measurements 
in a device-independent scenario. Let us assume that Al- 
ice can choose among m a = m measurements of d a = d 
outcomes. On the other hand, Bob can choose among 
rrib = p measurements of db = 2 outcomes, labeled by 
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and 1. We denote Alice's (Bob's) measurement choice by 
x (y) and her (his) outcome by a (b). Collecting statistics 
at many instances of the experiment, they compute the 
quantity P(a,b\x,y), namely, the probability of obtain- 
ing outcome a and b when measurements x and y were 
performed. 

Consider next the following quantum realization of 
the experiment: Alice and Bob perform their measure- 
ments on the bipartite maximally entangled state \ijj d ) = 
X^=o^|l^)- When Alice chooses input x, measure- 
ment {M% — Ilf, with x = z and a = i} is performed. 
In turn, when Bob chooses input y, the following mea- 
surement takes place: {M\ = (flj)*,M% = 1 - (IX,)*, 
with y = j}, where the asterisk (*) denotes complex con- 
jugation. The properties of guarantee that these 
measurements by Alice and Bob are perfectly correlated. 
Furthermore, they lead to the nonsignalling value (3 ns of 
the following linear combination of probabilities: 

p 

f3(P(a,b\x,y)) = E [P(a = a',b=l\x,y) 

y=i {a',x)eD y 

+ P(a^a',b = 0\x,y)]. (4) 

Indeed, for all the terms appearing in Q, P(a = a',b = 
l\x,y) + P(a ^ a f ,b = 0\x,y) = 1. This can be easily 
seen by noticing that if Bob's output is equal to 1, Alice's 
system is projected onto 11^ = 11^,, and thus, the result 
of Alice's measurement x is a' . On the contrary, if Bob's 
box outputs 0, Alice's system is projected onto t — Yl y = 
t — 11^/, and thus, Alice's outcome is such that a ^ a! . 
As the sum of the two probabilities P(a = a', b = l\x, y) 
and P(a ^ a', b = 0\x, y) can never be larger than 1, one 
has 



a) 



b) 



ALICE 



BOB 



y=i (a f ,x)eD y 



(5) 



As for local correlations, we now show that it is /3l < 
(3 ns — 1. To see this, recall first that the maximum of Q 
over local models is always reached by some deterministic 
model, in which a deterministic outcome is assigned to 
every measurement [and all probabilities in Q can thus 
only be equal to or 1]. Hence, deterministic models can 
only feature (3l £ Z. Therefore, it suffices to show that 
the maximum of g) over local models satisfies (3l < (3ns- 
This can be proven by reductio ad absurdum. Suppose 
that a local deterministic model attains the value (3ns- 
The model then specifies the outcomes a and b on both 
sides for all measurements. Equivalent ly, it can be un- 
derstood as a definite assignment to every measurement 
outcome on Alice's and Bob's sides: va(M%) G {1,0} and 
v B {Ml) e {1,0}, with £ iu(M*) = 1 = J2 b MM y b ), 
for all x and y, respectively. If Q reaches its maxi- 
mum algebraic value, the assignment map is subject to 
the constraints v A (M*) = v B (Mf) = v A (M$) for all 
(a,x) and (a',x') G D y . Now, since {M^} is in one- 
to-one correspondence with the projectors {Ilf }, va can 
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FIG. 2: Noncontextual assignments in the black-box 
scenario, (a) A KS proof consists of a single observer, say 
Alice, who performs m measurements of d outcomes. The 
KS proof requires that outcomes of different measurements 
correspond to the same projector. There are altogether p 
projectors, denoted by IL, , shared by different measurements. 
The common projectors impose constraints that, if the out- 
comes are assigned by noncontextual deterministic maps, lead 
to contradictions, (b) In the Bell test associated with the KS 
proof, Bob's box has mb = p possible measurements of db = 2 
outcomes. In the quantum setting, the two observers share 
a maximally entangled state. Alice makes m a — m mea- 
surements of d a — d outcomes, which correspond to the ob- 
servables in the KS proof. Bob's measurements are perfectly 
correlated with the p projectors IL, on Alice's side, thanks 
to the properties of the maximally entangled state. A lo- 
cal model reproducing all these correlations would imply the 
existence of a deterministic noncontextual model for Alice's 
measurements, which is impossible. 



then be thought of as a valid noncontextual deterministic 
assignment map for {Ilf}. This, however, is prohibited 
because {Hf} is a KS proof. Thus, one concludes that 
(3l < (3ns - 1. 

The desired Bell inequality is then 



P(P(a,b\x,y))<p NS -l, 



(6) 



with (3(P(a,b\x,y)) defined by Q and (3ns defined by 
([5]). This implies that the quantum correlations obtained 
above from |?/^) feature pl = 0, as they achieve the 
nonsignalling value of a Bell inequality, which is in turn 
equal to its algebraic value. 

Before concluding this section, we would like to empha- 
size that this recipe can lead to other, possibly nonequiv- 
alent, Bell inequalities. For instance, it is possible to keep 
Alice's measurements equal to those in the KS proof and 
replicate them on Bob's side, i.e. , {M^ = (M^)*, with 
y = x and b = a}. Note that then all the projectors 
needed to enforce the KS constraints on Alice's side by 
means of perfect correlations appear on Bob's side. Other 
examples are provided by some proofs that possess inher- 
ent symmetries, allowing for peculiar distributions of the 
contexts in the proof between Alice's and Bob's sides, as 
is discussed in the next section. 
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TABLE I: The Peres-Mermin square. One of the sim- 
plest KS proofs was derived by Peres and Mermin [T3j [14] and 
is based on the nine observables of this table. The observables 
are grouped into six groups of three, arranged along columns 
and rows. X n , Y n , and Z n refer to Pauli matrices acting 
on qubits n — 1 and n = 2, which span a four-dimensional 
Hilbert space. Each group constitutes a complete set of mutu- 
ally commuting (and therefore compatible) observables, defin- 
ing thus a context. In this way, there are six contexts, and 
every observable belongs to two different ones. The product 
of all three observables in each context is equal to the identity 
1, except for those of the third row, whose product gives — 1. 
It is impossible to assign numerical values 1 or — 1 to each one 
of these nine observables in a way that the values obey the 
same multiplication rules as the observables. This, in turn, 
implies that it is impossible to make a noncontextual assign- 
ment to the 24 underlying projectors (not shown) in the table 
(one common eigenbasis per context, with four eigenvectors 
each) . 



III. A SIMPLE BELL INEQUALITY 

The previous recipe is fully general. In this section, in 
contrast, we apply the ideas just presented to derive a 
specific Bell inequality maximally violated by quantum 
mechanics from one of the most elegant KS proofs, intro- 
duced by Peres and Mermin [I3j [14] . Apart from being 
one of the simplest Bell inequalities having this property, 
its derivation shows how symmetries in the KS proof can 
be exploited to simplify the previous construction. 

The Peres-Mermin (PM) KS proof is based on the set 
of observables of Table [TJ also known as the PM square, 
which can take two possible values, ±1. This proof 
in terms of observables can be mapped into a proof in 
terms of 24 rank-1 projectors [HI [15]. To these projec- 
tors we could then apply the formalism of the previous 
section and derive Bell inequalities maximally violated 
by quantum correlations of the sort of (|6|. However, 
some special features of this particular KS proof allow 
one to simplify the process and derive a simpler inequal- 
ity straight from the observables. The key point is that 
in the PM square each operator appears in two differ- 
ent contexts, one being a row and the other a column. 
This allows one to distribute the contexts between Al- 
ice and Bob in such a way that Alice (Bob) performs 
the measurements corresponding to the rows (columns) 
(see also [10 ). The corresponding Bell scenario, then, is 
such that Alice and Bob can choose among three different 
measurements x,y G {1,2,3} of four different outcomes, 
a, b G {1,2,3,4}. Consistent with the PM square, we 
associate in what follows Alice and Bob's observables x 
and y with the rows and columns of the square, respec- 



tively, and divide the four- value outputs into two bits, 
a = (ai,a 2 ) and b = (61,62), each of which can take the 
values ±1. 

Consider first the following quantum realization: Al- 
ice and Bob share two two-qubit maximally entangled 
states |^4) = ^(|00> + |ll»i2(8>^(|00> + |ll»34, which 
is equivalent to a maximally entangled state of two four- 
dimensional systems. Alice possesses systems 1 and 3, 
and Bob possesses systems 2 and 4. Alice can choose 
among three different measurements that correspond to 
the three rows appearing in Table [IJ If Alice chooses in- 
put x, the quantum measurement defined by observables 
placed in row x is performed. Note that the measurement 
acts on a four-dimensional quantum state; thus there ex- 
ist four possible outcomes (one for each eigenvector com- 
mon to all three observables), which in our scenario are 
decomposed into two dichotomic outputs. We define a$ 
to be the value of the observable placed in column y = i 
for i = 1,2. The value of the third observable in the same 
row is redundant as it can be obtained as a function of 
the other two. Equivalent ly, Bob can choose among three 
measurements that correspond to the three columns ap- 
pearing in Table [II If Bob chooses input outputs bj 
are the values of observables placed in column y and row 
x = j for y = 1,2,3 and j = 1,2. This realization at- 
tains the algebraic maximum /3q = Pns — 9 of the linear 
combination 

P = (ai6i|l,l) + (o26i|l,2) + (ai62|2,l) 

+ (a 2 6 2 |2,2) + (aia 2 6i|l,3) + (a 1 a 2 b 2 \2,3) 

+ (ai6i6 2 |3,l> + (a 2 6i62|3,2> 

- (aia 2 6i6 2 |3,3>, (7) 

where (/(ai, a 2 , 61, & 2 )|x, y) denotes the expectation 
value of a function / of the output bits for the mea- 
surements x and y. 

To prove this statement, let us first focus on the term 
(ai&i|l, 1). Bit bi is obtained as the outcome of the mea- 
surement of the quantum observable Z4 (g) 11_2- As the 
measurement is performed on the maximally entangled 
state, the state on Alice's side is effectively projected af- 
ter Bob's measurement onto the eigenspace of Z3 <g> li 
with eigenvalue b\ . Bit a\ is defined precisely as the out- 
come of the measurement of the observable Z3 (g) Hi; thus 
a\ = b\ and (ai&i|l, 1) = 1. The same argument applies 
to the first four terms in ([7]). Consider now the term 
(ai<2 2 • 61 1 1,3). Bit b\ is the outcome of the measure- 
ment of the observable Z4 (g) X 2 . The state after Bob's 
measurement is effectively projected on Alice's side onto 
the eigenspace of Z3 (g) X± with eigenvalue b\. Bit a\ • a 2 
is obtained as the measurement output of the observ- 
able Z3 <g) X\\ thus a\ • a 2 = b\ and (aia 2 • 61 1 1,3) = 1. 
The same argument applies to the four terms involving 
products of three bits. The last term (aia 2 • b\ • 6 2 |3, 3) 
requires a similar argument. Bit a\ • CL2 is obtained as the 
output of the operator Y3 <g> Y\ (note that the product 
of the observables associated with a\ and is Y3 (g) Y\ , 
see Table [i]). Thus the state is effectively projected onto 
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the eigenspace of Y4 (g) Y 2 with eigenvalue a\-a2- The bit 
61-62 is precisely the meqasurement outcome of —Y±<&Y2, 
thus a\ - CL2 = —61 • 62 and (ai<22 • b\ • 62 13, 3) = —1. 

We move next to the classical domain, to show that 
the maximum value of polynomial ^ attainable by any 
local model is (3l = 7, and thus, the inequality 

P < 7, (8) 

with f3 defined by ^ , constitutes a valid Bell inequality, 
maximally violated by quantum mechanics. Remarkably, 
this inequality has already appeared in Ref. [7 in the 
context of all-versus-nothing nonlocality tests. Comput- 
ing the local bound (3l = 7 can easily be performed by 
brute force (that is, by explicitly calculating the value 
of Pl for all possible assignments). However, it is also 
possible to derive it using arguments similar to those in 
the previous section. In the PM square, each of the nine 
dichotomic observables belongs to two different contexts, 
one being a row and the other a column, as mentioned. 
Therefore, nine correlation terms are needed to enforce 
the KS constraints. As said, the symmetries of the PM 
square allow one to split the contexts between Alice and 
Bob, arranging these correlation terms in a distributed 
manner. Such correlation terms correspond precisely to 
the nine terms appearing in (|7|). Again, the existence of 
a local model saturating all these terms would imply the 
existence of a noncontextual model for the PM square, 
which is impossible. 

IV. BOUND ON THE LOCAL CONTENT 
USING OTHER BELL INEQUALITIES 

The scope of this section is to show how the previous 
construction offers important experimental advantages 
when deriving bounds on the local content of quantum 
correlations. First of all, and contrary to some of the 
examples of quantum correlations with no local part [4], 
the Bell inequalities derived here not only involve a finite 
number of measurements but are in addition resistant to 
noise. Moreover, as shown in what follows, they allow 
one to obtain experimental bounds on the nonlocal part 
that are significantly better than those based on other 
Bell tests. 

Let us first consider the Collins-Gisin-Linden-Massar- 
Popescu inequalities presented in [16] . These inequalities 
are defined for two measurements of d outcomes. The 
maximal nonsignalling violation of these inequalities is 
equal to (3ns =4, while the local bound is /3l = 2. The 
maximal quantum violation of these inequalities is only 
known for small values of d [T71HH] • A numerical guess for 
the maximal quantum violation for any d was provided 
in [19] . This guess reproduces the known values for small 
d and tends to the nonsignalling value when d — >• 00. As- 
suming the validity of this guess, a bound on the local 
content comparable to the experimental value reported in 
the next section, namely, PLmax ~ 0.218 ±0.014, requires 
a number of outputs of the order of 200 (see [E]), even 




(1-V) 



FIG. 3: Resistance to noise of different Bell tests. 

Dashed red curves show the resistance to noise of the chained 
inequality [20 for different numbers m of measurements. The 
local content and also the resistance to noise tend to zero 
when the number of measurements tends to infinity, as ex- 
pected. Standard Bell inequalities, such as the Clauser- 
Horne-Shimony-Holt (CHSH) inequality [21], can be violated 
in a robust manner and with few measurements, but the ob- 
tained bound on the local content never goes to zero (in fact, 
the CHSH inequality is the chained inequality [20] for m = 2). 
Inequality (J8| (solid blue curve) in contrast combines all three 
features: its violation is resistant to noise and requires few 
measurements, and its bound on the local content is equal to 
zero in the noise-free case. 



in the ideal noise-free situation. Note that the known 
quantum realization attaining this value involves systems 
of dimension equal to the number of outputs, that is, 
200, and the form of the quantum state is rather com- 
plicated. If the quantum state is imposed to be maxi- 
mally entangled, the maximal quantum violation tends 
to 2.9681, which provides a bound on the local content 

Of just PL m ax ~ 0.5195. 

The chained inequalities [4j [20] , defined in a scenario 
where Alice and Bob can both perform m measurements 
of d outcomes, provide a bound on the local content that 
tends to zero with the number of measurements, m — >• oo 
[4]. However, in this limit the nonlocality of the corre- 
sponding quantum correlations is not resistant to noise 
(see Fig. [3]), and thus, the use of many measurements re- 
quires an almost-noise-free realization. We compare the 
chained inequalities [20] for d = 2 (the simplest case to 
implement) with our inequality ([8| in a realistic noisy 
situation. The quantum state is written as the mixture 
of the maximally entangled state, as this state provides 
the maximal quantum violation of both the chained in- 
equality and inequality (J8|, with white noise, 

p = v\i>d)(M + 0--v)±. (9) 

The amount of white noise on the state is quantified 
by 1 — V. The bound on the local content then reads 

PLmax = p N s-p L ' whei>e *1 1S the Value ° f 

the Bell inequality given by white noise with the optimal 
measurements. We plot the obtained results in Fig. [3] 
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As shown there, the Bell inequality considered here pro- 
vides better bounds on the local content than the chained 
inequalities for almost any value of the noise. 



V. EXPERIMENTAL HIGHLY NONLOCAL 
QUANTUM CORRELATIONS 

We performed a test of inequality ^ with two entan- 
gled photons, A and £>, generated by spontaneous para- 
metric down conversion (SPDC). We used type-I phase 
matching with a /3-barium-borate (BBO) crystal. The 
source used a single crystal and a double passage of the 
UV beam after the reflection on a spherical mirror [see 
Fig. [4] (a)] and generated the hyperent angled state [22] 

1 " ' \V) A \V) B ) 



H-cone 



V2 



(\H)a\H) b 



1 



(\r) A \l) B + \l)A\r) B ), 



(10) 



where \H) (\V)) represents the horizontal (vertical) po- 
larization and |r) and \l) are the two spatial path modes 
in which each photon can be emitted. Maximally entan- 
gled state ^4) between A and as defined in Sec. Ill 



recovered from (10) through the following identification: 

\H)a,b = |0> li2 ,F) A , B = |l>i,2. \r) A = |0) 3 . Ma = Il> 3 . 
\l) B = |0) 4 , and \r) B = |1) 4 . Therefore, state (10) also 
allows for the maximal violation of (J8|. 

In the SPDC source, the BBO crystal is shined on by 
a vertically polarized continuous wave (cw) Ar + laser 
(X p — 364 nm), and the two photons are emitted at 
degenerate wavelength A = 728 nm and with horizon- 
tal polarization. Polarization entanglement is generated 
by the double passage (back and forth, after the reflec- 
tion on a spherical mirror) of the UV beam. The back- 
ward emission generates the so called V cone: the SPDC 
horizontally polarized photons passing twice through the 
quarter- wave plate (QWP) are transformed into verti- 
cally polarized photons. The forward emission generates 
the H cone [the QWP behaves almost as a half- wave plate 
(HWP) for the UV beam]. See Fig. [I] (a). Thanks to tem- 
poral and spatial superposition, the indistinguishability 
of the two perpendicularly polarized SPDC cones creates 
polarization entanglement (\H) A \H) B + \ V) A \V) B ) / 'y/2. 
The two polarization entangled photons are emitted over 
symmetrical directions belonging to the surface of the 
cone. By selecting two pairs of correlated modes by a 
four-holed mask [22-24 it is possible to generate path 
entanglement. 

In order to measure the path operators, the four modes 
of the hyperent angled state are matched on a beam 
splitter (BS) in a complete indistinguishability condi- 
tion. This operation corresponds to the projection onto 



f 2 {\r) A + e^ \l) A )®A =2 {\ r ) B + e^ \l) B ). Suitable tilt 
ing of two thin glass plates allows one to set phases <pA 
and (j)B [see Fig. [4](b)]. Photon collection is performed 
by integrated systems of graded-index lenses and single- 
mode fibers connected to single-photon counting modules 




BBO 

mirror V-cone 



^ L 




M Photon A- 
' Photon B 




FIG. 4: Experimental setup, (a) Source of hyperentangled 
photon states. The relative phase between the states \HH) AB 
and \ W) AB can be varied by translating the spherical mirror. 
A lens L located at a focal distance from the crystal trans- 
forms the conical emission into a cylindrical one. (b) Scheme 
for the path measurements, c. The parametric radiation is 
coupled into single-mode fibers by a GRIN lens and sent to 
the detectors. 



[25j|26] [see Fig. [4] c)]. Polarization analysis is performed 
in each output mode by a polarizing beam splitter (PBS) 
and a properly oriented HWP. The experimental setup 
used for each polarization measurement setting is shown 
in Fig. [5] 

The nine terms of Bell polynomial ^ correspond to 
the different combinations between one of Alice's three 
contexts and one of Bob's three contexts listed in Table 
PH In the settings x = 1,2 (y = 1,2) Alice (Bob) must 
project into states that are separable between path and 
polarization (eigenstates of Pauli operators X and Z). To 
project into {|r) , \l}} the modes are detected without BS. 
On the other hand, the BS is used to project into ;4=(|r)± 
\l)). PBSs and wave plates have been exploited to project 
into {\H) , \V)} or ^{\H)±\V)). More details are needed 
for contexts x, y = 3, corresponding to the projection 
into single-photon Bell states (the two entangled qubits 
of the Bell state are encoded in polarization and path 
of the single particle, see Table |TT|) . For instance, let us 
consider the projection on the states \H) \l)±\V) \r) and 
\V) \l)±\H) \r) for Alice. By inserting a HWP oriented at 
45° on the mode \l) A before the BS, the previous states 
become \V) |d=) and \H) respectively. The two BS 
outputs allow one to discriminate between |r) + \l) and 
|r) — |Z), while the two outputs of the PBSs discriminate 
\H) and \V). 



Table III provides the experimental values of all nine 
correlations in Bell polynomial Q. The obtained viola- 
tion for Bell inequality is ^ = 8.564 ± 0.028 and 
provides the upper bound PL m ax ~ 0.218±0.014. At this 
point it is important to mention that another experimen- 
tal test of ([8| was reported in Ref. [27 in the framework 
of all-versus-nothing nonlocality tests. The violation in 
Ref. [27 is compatible (within experimental errors) with 
the value obtained by our experiment. 
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FIG. 5: Measurement setups used by Alice and Bob. See text for a detailed explanation of the measurements. BS, beam 
splitter; PBS, polarizing beam splitter; HWP, half- wave plate. 



Alice 





CLi = — 1, CL2 = — 1 


ai=— 1, a 2 =l 


a±=l, a 2 = — 1 


ai — 1, a 2 =l 


X 1 


RIO 


l+> 10 


\-)\r) 


\+)\r) 


x = 2 


1*0 1-> 


IV) 1+) 


\H)H 


\H) |+> 


x = 3 


\H) \l) - \V) \r) 


l^> 10 + |v> k) 


\H) \r) - \V) \l) 


\H) \r) + \V) |0 



Bob 





bi=-l, b 2 =-l 


&i = -l, ba=l 


6i=l, ba=-l 


bi=l, 62=1 


y=l 


\V) \r) 


\H) \r) 


IV) 10 


Iff) 10 


y = 2 


|-)h) 


h)l+> 


l+)h> 


l+>l+> 


y = 3 


l+> k) - 1-> 10 


l+> k> + 1-) 10 


|-)k)-|+) 10 


I-) k) + l+)IO 



TABLE II: Measurement settings. Each row represents a measurement (context). The four states in each row represent 
the four projectors of each measurement. and 61,2 are the two-bit outcomes of Alice and Bob respectively. In each state, 
the first ket refers to polarization, while the second one refers to path. |±) correspond to -±=(\H)±\V)) or i(| r ) ± |Z», for 
polarization or path respectively. 



Correlation Experimental result 



(ai6i|l,l) 
(ai6 2 |2,l) 
(a 2 6i|l,2) 
{a 2 b 2 \2,2) 
(aia 2 6i|l,3) 
(aia 2 62|2,3) 
(ai6i62|3,l> 
(a 2 6i6 2 |3,2) 
{aia2bib 2 \3, 3} 



0.9968 ± 0.0032 
0.9759 ± 0.0058 
0.9645 ± 0.0068 

0.941 ±0.010 
0.9705 ± 0.0048 
0.9702 ± 0.0049 
0.9688 ± 0.0073 

0.890 ±0.013 
-0.888 ±0.018 



TABLE III: Experimental results. Errors were calculated 
by propagating Poissonian errors of the counts. 



VI. CONCLUSIONS AND DISCUSSIONS 

In this work we have provided a systematic recipe for 
obtaining bipartite Bell inequalities from every proof of 
the Kochen-Specker theorem. These inequalities are vio- 
lated by quantum correlations in an extremal way, thus 
revealing the fully nonlocal nature of quantum mechan- 
ics. We have shown that these inequalities allow estab- 
lishing experimental bounds on the local content of quan- 
tum correlations that are significantly better than those 
obtained using other constructions. This enabled us to 
experimentally demonstrate a Bell violation leading to 
the highly nonlocal bound pl < 0.22. 

The local content pl of some correlations P(a,b\x,y) 
can be understood as a measure of their locality, as it 
measures the fraction of experimental runs admitting a 
local-hidden-variable description. As mentioned, some 
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Experiment 



PL 



Aspect et al. [30] 
Weihs et al. [3j] 
Kiesel et al. [32] 
Zhao et al. [33] 
Pomarico et al. [34] 
This work (and Yang et al. 



mi) 



0.80 
0.64 
0.64 
0.60 
0.49 
0.22 



TABLE IV: Bounds on the local content of quantum 
correlations from previous Bell experiments. The se- 
lection includes representative experiments testing different 
forms of nonlocality, or Bell inequalities, in both the bipartite 
[2(3 [21] and multipartite 28 , 29 scenarios. Other published 
experiments, not shown in the table, lead to PL max > 0.49. 
Note the significant improvement give n by the techniques dis- 
cussed in this work (see also Sec. |IV|. 



work enable the experimental demonstration of highly 
nonlocal correlations. This explains why the experimen- 
tal bound provided in this work is significantly better 
than those of previous Bell tests, even including multi- 
partite ones. In fact, multipartite Greenberger-Horne- 
Zeilinger tests [TT] also in principle yield pl = [4] us- 
ing a finite number of measurements and featuring ro- 
bustness against noise. Still, to our knowledge, the re- 
ported experimental violations lead to significantly worse 
bounds on pl (see Table IV). Our analysis, then, certi- 
fies that, in terms of local content, the present bounds 
allow a higher degree of nonlocal correlations than those 
reported in [30-34 or in any other previous experiment 
of our knowledge. 



of the previously known examples of bipartite inequal- 
ities featuring fully nonlocal correlations, i.e., pl = 0, 
for arbitrary dimensions require an infinite number of 
measurement settings and are not robust against noise 
[3] [4] . More standard Bell inequalities using a finite num- 
ber of measurements, such as the well-known Clauser- 
Horne-Shimony-Holt inequality [21] , give a local weight 
significantly larger than zero even in the noise-free situ- 
ation. Thus, the corresponding experimental violations, 
inevitably noisy, have only managed to provide bounds 
on the local content not smaller than 0.5 (see Table IV). 
In contrast, the theoretical techniques provided in this 
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